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Abstract This paper proposes an extended model of the replacement overtime policy for a cumulative damage
model. We consider an operating unit which suffers some damage due to shocks. It is assumed that the total
damage is additive, and the unit fails when the total damage has exceeded a prespecified level. We suppose that
the unit is replaced at Nth (N = 1,2, ..) shockoverthe time T or at failure, whichever occurs first. That is, we
startto observe occurrence of shocks after time T. For such a model, we obtain the mean time to replacement and
the expected costs rate, and discuss the optimal number of N which minimizes the expected cost rate when
shocks occur in a Poisson process. Further, numerical examples are given, and suitable discussions are made.
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1. INTRODUCTION

We propose an extended model of the replacement
overtime policy for equipment management of shock and
damage models. In recent years, equipment management has
become more important to complete projects such as
software development rapidly, safety and accurately.
Furthermore, the equipment has become more complexity,
and more difficult to check the state of the equipment by
looking the appearance. We consider therefore a case of that
the equipment is replaced at a completion of uses to avoid
interruption of work on the way of using cycles. Such a
model is called as maintenance overtime policy (Nakagawa
and Zhao., 2015). Furthermore, we consider assumptions
that the equipment has damage at every use, and fails when
the total damage has exceeded a prespecified level. Such
a model is called as cumulative damage model (Nakagawa,
2006).

We propose a maintenance policy which extends
maintenance overtime policy for cumulative damage model.
It is reasonable for such equipment to decide a maintenance

such as scheduled time or number of shocks to maintain or
replace the equipment. We treat a case that we cannot
maintain the equipment until the scheduled time. One
example is a rental of equipment with some reservations. For
suchacase, it is one way that the equipment is maintained or
replaced at prespecified number of use over scheduled time.

There have many studies of maintenance policies using
reliability theory (Barlow and Proschan, 1965; Nakagawa,
2015). The maintenance models that the unit is replaced at
a random working time are studied (Nakagawa, 2014; Chen
et.al., 2010). Maintenance overtime policies where the unit
is replaced at a first time of completion of works over
planned time have been discussed (Nakagawa and Zhao.,
2015; Zhao et.al.,, 2013; Zhao et.al, 2014). The cumulative
damage model have also many studies in reliability theory
(Stallmeyer, 1968; Bogdanoff. et.al., 1985; Nakagawa, 2006).

In this paper, we consider an extended replacement
overtime policy for a cumulative damage to maintain an
operating unit. The unit which is used for random times
and suffers some damage due to shocks. It is assumed that
the unit fails when the total damage has exceeded a



prespecified level. The total damage is additive, and the
amount of damage cannot be investigated. We assume that
the unit is replaced at Nth (N =1,2,..) shock over
planned time T or at failure, whichever occurs first. Figure
1 shows the process of the model when the unit is replaced
at Nth shockovertime T. Figure 2 shows the process when
the units fails and is replaced. That is, we start to observe
occurrences of shocks after time T, and introduce a
replacement cost and monitoring cost.

For such amodel, we obtain the expected costs rate and
discuss optimal policies which minimize it. Section 2 shows
the assumptions and notations of the model, and obtains the
mean time to replacement and the expected costrate. Section
3 discusses optimalnumber N andtime T which minimize
the expected cost rate when shocks occur in a Poisson
process. Sections 4 gives numerical examples of optimal N
and T when each damage is exponential. We discuss the
tendencies for several parameters in numerical examples.

2.ASSUMPTIONS

We make following assumptions of the replacement
policy for the cumulative damage model:

(i)  Let X; bearandom variable that denotes a sequence of
interval times between successive shocks with an
identical distribution F(t) =SPr{X; <t} G=12..)
and finite mean pu = fo F(u) du A density functlon of
F(t) is f(t) = dF(t)/dt, ie, FO =, f@) du,
and the failure rate is h(t) = f(t)/F (t) where
®(t) =1 — () for any function ®(t). The failure
rate increases strictly with t from h(0) to h(co).
The j-fold Stieltjes convolution of F(t) is FU () =
PriX, + X, +-+X, <t} ( j=12,.. ) and
FO@) =1 for t 0.

(i)  Let W; be arandom variable that denotes the damage
produced by the jth shock, where W, =0, with a
cumulative  distribution G (t) = Pr{iW; <t} (j=

2,..). The jfold Stielties convolution of G(t) is
GPW =Pr{W, + W, ++ W, <t} (j=12..)
and GO(t) =1 for t > 0.

(iiiy Let N(t) denotetherandom variable which is the total
number of shocks up to time t (¢t = 0). Then, define a
random variable

N(t)

Z(t) = Z W .

which represents the total damage at time t. It is
assumed that the unit fails when the total damage has
exceeded a prespecified level K (0 < K < o).

Preventive
replacement
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U

Figure 2: Process for failure.

(iv)  The unit is replaced at Nth (N = 1,2,..) shock over
time T orat failure, whichever occurs first.

(v)  Cost ¢ is areplacement cost when the unit fails, and
cost ¢y (cp > cy)is areplacement cost when the unit
is replaced at Nth shockovertime T.

Form the above assumptions, we obtain the expected

costrate. The probability that the unitis replaced at shock N
overtime T is
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and the probability thatit is replaced at failure is
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where (1) + (2) = 1. The mean time to replacement is
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Therefore, the expected cost rate is
C(N,T) =

cr — (cr — eN) Y 5o [FUN(T) — FU+D (T)]G(JJrN)(K)
HLFOT) = FUD(T)] S5 GO(K)

(4)
When the unit is replaced at shock N,
C(N) = ;.lniflm C(N,T)

_cp - (cr — en)GM(K)

neom @

When the unit is replaced at the first completion
of shocks over time T is

C(T) = C(1,T)
_er (e — en) SO (D)~ FUH (D)0 (K)
T AR FO(T) - FOIO(T) 2 GO(K)

(6)

3. OPTIMAL REPLACEMENT POLICIES

When F(® =1-e* and QW) =[¢W (k) -
GV (K)]/6™W (K) increases strictly with N to 1, we
derive optimal policies which minimize the expected costrates.
In this case, the expected costrate in (4) is

C(N,T)
A
_cr—(er— en) 25 l(AT) /e T GUHN)(K)

S [AT)/51le T SN GOV (K)

(7)

3.1 Optimal N*

We find optimal N* tominimizes C(N) in (5).
Forming the inequality C(N + 1) — C(N) =0

N-1

Q) Y GO (k)

+EM(K)> F (8)
CF — CN

where
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Note that Q(N,T) increases strictly with N from Q(T) to
1, and increases strictly with T from Q(N) to 1
(Appendix). Thus, because the left-hand side of (8) increases
strictly with N to 1+ M(K), where M(K) = X2, 6V (K).
Therefore, if M(K) > cy/(cp — cy), then there exists a finite
and unique minimum N* (1 < N* < o0) which satisfies (8).



3.2 Optimal T*

We find optimal T* to minimize C(T) in (6).
Differentiating C(T) with respectto T and setting it equalto
zero,

J —/\T Z G(t

Y rautig = I )
Cp — CN

whose left-hand side increases strictly with T to 1+ M(K).
Thus, if M(K) > cy/(cr — cy), then there exists a finite and
unique T (0 < T* < o) which satisfies (10).

3.3 Optimal N and T,

When F(t) = 1—e™*, Q(N) increases strictly with
N to 1 and M(K) > cy/(cy —cy), we find optimal Ng
and T; which minimize C(N,T) in (7).

First, we find optimal Nj to minimizes C(N,T) for
fixed T (0 < T < o). Forming C(N + 1,T) — C(N,T) = 0,

N+j—1

Q. T)Z S ST
Z (’\T) 7AT(3(J+N){K) > i (11)
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whose left-hand side increases strictly with N to 1 + M(K).
Thus, if M(K) > cy/(cr — cy), then there exists a finite and
unique minimum Ng (1 £ Nj < o) which satisfies (11).
Letting L(N,T) be the left-hand side of (11), L(N,T)
increases strictly with T from
N-1
Q) Y GU)(k
j=0

L(NO): )+G(N)(K)

which agrees with (8). Thus, Ny decreases with T from N*
given in (8), and 1 < Nj < N™. In addition, because L(1,T)
agrees with the left-hand side of (10), if T = T* given in (10),
then Ny = 1, and conversely,if T < T* then Nj = 2.

Next, we find optimal T, to minimize Cc(N,T) for
fixed N (1 < N < o). Differentiating C(N,T) with respect
to T andsetting it equal to zero,
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Table 1: Optimal N, when wK = 10.
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Table 2: Optimal N; when wK = 20.

AT
crleN 701 2 3 4 5 10
5 13 12 11 10 9 8 2
0 |12 10 9 8 7 6 1
20 [10 9 8 7 6 5 1
30 |10 9 7 6 5 4 1
0 |10 8 7 6 5 3 1
50 | 9 8 7 6 4 3 1

whose left-hand side agrees with L(N,T) and increases
strictly with T from L(N,0) given in (8) to L(N,®) =
M (K). Thus, because

L(N*,T) > L(N*,0) >

cF —CN’

T; =0, ie., optimal policy which minimizes C(N,T)
Ng = N* and Ty = 0. Therefore, replacement with shock N
is better than replacement overtime when both replacement
costs are the same.

Furthermore, if N > N*, then Ty = 0, and conversely,
ift N<N*—1, then L(N,0) <cp/(cr—cy) and there
exists a finite and unique Ty (0 < Ty < o) which satisfies

(12).



Table 3: Optimal N; when AT = 5.

wKk
CFICN 5790 15 20 25 30
5 |1 3 6 10 13 17
0 |1 2 5 8 12 15
2 |1 1 4 7 10 14
30 |1 1 3 6 10 13
40 |1 1 3 6 13
5 |1 1 3 6 12

Table 4: Optimal ATy when wK = 10.

N
cP/eN T 3 3 4 5 10
5 4.7 3.7 26 16 0.6 0
10 34 24 14 05 0 0
20 25 16 0.7 0 0 0
30 21 12 04 0 0 0
40 19 1.0 0.2 0 0 0
50 1.7 0.8 0.0 0 0 0
T*
4. NUMERICAL EXAMPLES
We give numerical examples when F(t) = 1— e * and

G(x) =1—e %% Then, for N=1,2,... ,

(wz)N /N
Y52 nl(wz) /5]

QN) =

increases strictly with N from wx/(e®* —1) to 1, and
> 2ol(AT) /i [(wz)7+V /(5 + N)I]
2 72ol(AT) /51 3232 sy e [(wa) /al]

increases strictly with N from Q(T) to 1 and increases
strictly with T from Q(N) to 1.

Q(NaT) =

Table 5: Optimal AT; when wK = 20.

N
1 2 3 4 5 10

5 109 99 89 80 7.0 23
10 90 81 72 63 54 09
20 77 68 60 51 4.2 0
30 71 62 53 45 3.6
40 6.7 58 50 41 33
50 64 55 47 39 3.0

CF/CN

o o O

T*

Table 1 presents optimal Nj when wK = 10 for cp/
cy and AT. We can see that Nj decreases with cg/cy. This
indicates that if replacement cost ¢ of failure is large, then
we should replace the unit early to avoid its failure.
Furthermore, N; decreases with AT. This indicates that if
the number of shocks is large, then we should replace early.
Note that N;j decreases strictly with AT from N* for AT =
0 to 1.

Table 2 presents optimal N; when wK = 20 for cp/
cy and AT. We can see the same tendency with Table 1, and
Ng is large when wK is large.

Table 3 presents optimal Nj when AT =5 for cp/cy
and wK. This indicates that we should replace the unit early
when wK is small, because wK means the expected
number of damage to failure and the unit fails with a small
number of shocks.

Table 4 presents optimal ATy when wK =10 for cz/
cy and N. We can see that AT, decreases with cg/cy. This
indicates that if replacement cost ¢ of failure is large, then
we should replace the unit early to avoid its failure. Note that
ATy decreases strictly with N from AT* for N =1 to 0.

Table 5 presents optimal AT, when wK = 20 for cp/
cy and N.Wecan see the same tendency with Table 4. Further,
we can see that AT, increases with wK. This indicates that if
the expected number wK of damage to failure is small, then
we should replace the unit early to avoid its failure.

CONCLUSONS

We have proposed an extended model of the replacement
overtime policy in which the unit is replaced at N th
completion of shocks over planned time T'. Further, the units
fails when the total damage exceeded a prespecified level
K We have obtained the expected cost rates, and discussed
optimal T* and N* which minimize them. As afuture work,
we should modify this model more realistically for equipment
management. For example, we could consider maintenance



policies that the equipment is replaced at random time over
planned time. Another example is that the number of shocks
over time is given as random variable. These formulations and
results would be applied to real systems such as management
projects to develop information system effectively by suitable
modifications.

REFERENCES

T. Nakagawa and X. Zhao. (2015) Maintenance Overtime
Policiesin Reliability Theory. Spring-Verlag, London.

T. Nakagawa. (2006) Shock and Damage Modelsin Reliability
Theory. Springer-Verlag, London.

R. E. Barlow and F. Proschan. (1965) Mathematical Theory of
Reliability. John Wiley & Sons, New York.

T. Nakagawa. (2005) Maintenance Theory of Reliability.
Springer-Verlag, London.

T. Nakagawa. (2014) Random Maintenance Policies.
Springer-Verlag, London.

M. Chen, S. Mizutani and T. Nakagawa. (2010) Random and
age replacement policies. International Journal of
Reliability Quality and Safety Engineering. 17, 1, 27-39.

M. Chen, S. Nakamura, and T. Nakagawa. (2010)
Replacement and preventive maintenance models with
random working times. IEICE  Transactions on
Fundamentals. E93-A, 2, 500-507.

X. Zhao, and T. Nakagawa. (2013) Optimal periodic and
random inspection with first, last, and overtime policies.
International Journal of Systems Science.

DOI; 10.1080/00207721.2013.827263.

X. Zhao, C. Qian and T. Nakagawa. (2014) Optimal age and
periodic replacement with overtime policies. International
Journal of Reliability, Quality and Safety Engineering. 21,
1450016.

J.E. Stallmeyer and W.H. Walker (1968) Cumulative damage
theories and application. Journal of the Structual Division.
ASCE 94:2739-2750.

J.L. Bogdanoff and F. Kozin. (1985) Probabilistic Models of
Cumulative Damage. John Wiley & Sons, New York.

APPENDIX
When Q(N) increases strictly with N to 1,

S (AT /F[GUHN D (K) — GUHN42 ()]
S [N /| GUHND(K)

S AT /[GUN (K) — GUHV4D(K))
) > (AT /]G (K)

>0,

increases strictly with N from Q(N) to 1 and increases
strictly with T from Q(N) to 1.

Proof. First, note thatfor any N, > 0,

3 2ol ATY /GIGU N (K) — GUHNTD(K)

lim

N—o0 SN /3G (K)
— lim G(N1+N)(K)_G(N1+N+1)(K)
T Noso GNHN(K)
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T-+oo ST /NGO (K)
G(N1+N) (K) — G(N1+N+1)(K)
- GV (K)

:Q(Nl +N)a

which follows that limy_,QWN,T) = lim;_,,QWN,T) = 1
because N, is arbitrary.
Next, because Q(N,T) is rewritten as
Q(N, T) =
Y2 NN /(5 = NY[GO(K) — GUHD(K)]
Yo n[(AT) =N /(5 — N)JGY(K) ’

from QN +1,7) —QN,T),

G (k) Z - e ) - 60
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which follows that Q(N,T) increases strictly with N to
1.Differentiating Q(N,T) with respectto T,

YisolATY /JGUHNFD(K) — GUTN+(K))
Y i2ol(AT) /G| GUHNFD(K)
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which follows that Q(N,T) increases strictly with T to 1.




